In this paper, we show how this model can be used to describe the traffic functioning and to obtain control strategies that improve the traffic flow at intersections. The proposed approach can be generalized to control several connected intersections in a distributed way.
I. INTRODUCTION
With the growing number of vehicles, the traffic congestion and transportation delay on urban arterials are increasing worldwide; hence, it is imperative to improve the safety and efficiency of transportation.
The control strategies consist of changing the intersection's stage specification, the relative green duration of each stage, the intersection's cycle time, and the offset between cycles for successive intersections, while requiring the well-planned synchronization, schedule and control to achieve satisfactory performance.
In this work, traffic signal control systems are considered to be an hybrid system, including both continuous time and discrete event components.
There is a vast amount of literature focused on finding the modeling of an intersection [1] - [3] .
For the traffic flow model based on a discrete Petri Net (PN), Wang et al. proposed a Petri Net (PN) model that includes both traffic signal control logic and traffic flow [4] . In [5] , List had described how PN can be used to model traffic control situations in urban networks.
On the other side, the model based on a continuous Petri net is suitable for macroscopic description, [6] and [7] . And recently, hybrid systems have received much
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In general, the traffic control is characterized by a continuous conduct of the road [6] and behavior discrete at road crossing [1] , [11] . And, these two behaviors are respectively modeled, by a Continuous Variable speed Petri Net (CVPN) and Timed Petri Net (TPN).
In order to complete these previous works, we present, in this paper, a new approach to model and to simulate the traffic signal control based on a Hybrid Petri Net HPNs method.
This paper is organized as follows: after the introduction of section 1, we present, in section 2, HPN. Then, we give, in section 3, a description of the proposed model and the control strategy of traffic light by using HPN. Section 4 describes the case study and reports the results of some simulations performed under different traffic scenarios.
II. HYBRID PETRI NETS
In the present work, a signalized intersection with its input and output flows is considered to be an hybrid system thereby contains continuous places and transitions (C-places and C-transitions) and discrete places and transitions (D-places and D-transitions). The reader can find a more detailed presentation of HPNs in [9] .
Definition: A marked autonomous hybrid Petri net is a sextuple R= <P, T, Pre, Post, m 0 , h> fulfilling the following conditions P = {P 1 , P 2 , ..., P n } is a finite, not empty, set of places; T = {T 1 , T 2 , ..., T m } is a finite, not empty, set of transitions; P ∩ T = Ø, i.e. the sets P and T are disjointed; h: P ∪ T → {D, C}, called hybrid function, indicates for every node whether it is a discrete node (sets P D and T D ) or a continuous one (sets P C and T C ); Pre: P × T → Q + or N is the input incidence application; Post: P × T → Q + or N is the output incidence application; m 0 : P → R + or N is the initial marking. In the definitions of Pre, Post, and m 0 , N corresponds to the case where P i ∈ P D , and Q + or R + corresponds to the case where P i ∈ P C . Pre and Post functions must satisfy the following criterion: if P i and T j are such that P i ∈ P D and T j ∈ T C , then Pre(P i ,T j ) = Post(P i ,T j ) must be verified.
An unmarked hybrid PN is a 5-uple Q = <P, T, Pre, Post, h>, i.e., in addition to the structure, the nature of each node (discrete or continuous) is specified in Q.
In a continuous PN, the enabling degree of transition Tj for marking m, is defined as:
A discrete transition in a hybrid PN is enabled if each place Pi in Tj meets the condition (as for a discrete PN) ( ) Pr ( , )
Hybrid Petri nets (HPNs) were initially successfully applied for modeling, performance evaluation and the manufacturing systems design and more recently they had also been successfully used for studying transportation systems, [12] .
Graphically for HPN, the arrows represent the arcs, discrete places are represented by circles and discrete transitions are represented by black boxes, whereas continuous places are represented by double circles and continuous transitions are represented by white boxes.
III. MODELING A SIGNALIZED TRAFFIC INTERSECTION BY HPNS

A. Studied Intersection Description
The studied configuration is related to a crossroad that has an intersection of four directions, with two links, one input link formed of 2 lanes with movements to turn left and to go straight or right, and one output link. An example of this signalized intersection is given in Fig. 1 . In order to prevent the conflicts, we can use the notion of compatible streams and incompatible streams as presented in [13] . Streams, which can simultaneously get the right-of-way, are called compatible streams for example streams 1 and 7. On the other hand, when trajectories of two traffic streams do cross, the streams are in conflict, for example, streams 1 and 11.
In our case, the studied intersection can be partitioned into four Compatible Stream Groups (CSG) as shown in 
B. Analytic Model of Road Section
In this part, we present the model by CVPN to model the flow of traffic on the ways of the crossroad.
To model the problem, we divide each section into N segments [X i , X i+1 ] of length ∆ i (Fig.3) . We assume that for each segment the characteristic variables of flow are supposed to depend only on the time and not on the position, like in [10] . 
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The evolution steps of CVPN [David et al 1992] can allow us to write the following mathematical expressions defining the speed crossing q i (t) and q i+1 (t) related to the transitions T i and T i+1 respectively max max 1 max 1 1
We define the max as the maximal firing frequency of transition T i . And the marking m i of place P i is given by the following equation
The marking of a place is represented by a continuous positive real number. However, those of a discrete place are non-negative integer. The crossing of a discrete transition may affect the marking of continuous PN and vice versa.
The evolution of the CVPN is also given by the system of differential equations (see the system of equation (5) and (6) or (7) or (8)). We observed that there are several phases in this evolution (we call a phase, one period of time during which the expression speeds according to markings remains unchanged). We pass from one phase to the following, when the marking of a place Pi crosses the threshold m i =1, in a direction or in the other.
We can distinguish 3 cases according to the speed crossing q i (t) and q i+1 (t 
C. The Proposed HPNs Model
In this section, the Hybrid PN of the intersection, given in Fig.1 is described with the aim to provide an example of a HPN model of an urban transportation system. For this optic, we use the model presented in Fig 4, and the overall proposed HPN model is given in Fig 5, and it will be generalized later for a common configuration. The proposed HPN model is described as follow   In this paper, we simulate the evolution of traffic in an isolated intersection where the traffic lights switch from the usual order (fixed signal-timing). We define four compatible phases as a set of permitted conflicts: {1, 7}, {2, 8}, {5, 11} and{4, 10}. The considered HPN model is given in Fig.5 .
In the aim to advance some ideas leading to a control strategy for urban traffic networks, we propose, a new heuristic approach to control the considered model.
Our control strategy is based on the green light duration, which is determined on the estimated number of vehicles entering the road during a cycle.
We define a cycle as a sum of green light and red light durations. We take the maximal number in each pair of compatible streams with movement to turn left and we add a value of t d. as shown in equation (12)   ( , ) (1,7),(4,10) ij  (12) max( , )
Nbv Nbv t t  (13)
Nbv i is the number of vehicles in link i , t d the starting time of the vehicle at the intersection and t c the crossing time.
As an example, we assume that the numbers of vehicles in streams 7 and 1 are respectively 5 and 8. So the green duration is computed by
Since the maximal firing frequency to the rate of output is 1 veh/s. So, let consider t d =t c =1s, as well for the flows 4 and 10.
In the other side, as cited previously, the arrival flow of vehicles for {2, 5, 8, 11} is more important than the ones with movements to turn left, so the green duration is computed as follows: we divide the number of vehicles entering in the intersection by the number of roads (i.e. equation (13)). 
IV. SIMULATION AND RESULTS
As follows, we suppose that the arrival rate of vehicles is Nb_Vehicles divided randomly in different stream (see Table I ).
with Nbv: arrival rate of vehicles of stream i, TEi: evacuation time of all vehicles for each flow, d ij : green light duration. During the simulations, we considered that the maximal firing frequency for T i1 is equal to 2veh/s; on the other side, the rate of output (for T i2 ) is 1veh/s and we considered intersection currently ruled by a fixed signal-timing plan. At first step, we suppose that Nb_Vehicles=110 and the delay d ij associated to the discrete transition (green light duration), is the same and fixed to 5 seconds (Sim1). The evolution of markings is shown in Fig 6 . In the second step, we do not consider a same delay d ij for all the streams, and we distinguish three types of simulation (Sim 2, Sim 3 cases a and b).
In the first time, we start by increasing the green light duration, i.e. 7 seconds for left turn movements (streams 1/7 and streams 4/10) and 10 seconds for the streams to go straight or right (streams 2/8 and streams 5/11). The evolution of marking is shown in Fig 7. We can see that the total evacuation time is reduced from 99 to 85 s.
In a second time, and referring to a real intersection, we can notice that the arrival rate of vehicles in the streams {1, 4, 7, 10}, are less than {2, 5, 8, 11}. For this reason, in the simulation (Sim 3) we start by fixing the green duration for the last streams to 15 in case a and then to 20 seconds in case b. The other streams are left with duration of 10 seconds. The behavior of marking for these two cases is presented in Fig 8 and The simulation (Sim 3) shows clearly that despite this duration seems to be directly related to the time needed to avoid all the ways; we can notice that it can not be always the case, as shown in Sim 3 (case a and case b).
In the last step, and for the last simulation, we use the proposed heuristic approach to optimize the green time duration. This approach is based on the estimated number of vehicles which enter the crossroad during a cycle (equation 10 and 11) .
We obtain the marking evolution presented in Fig 10 .
We can clearly see that the total evacuation time is greatly reduced, since it passes to 74s. In order to prove the robustness and the efficiency of our approach, we realized other simulation by changing parameter Nb_Vehicles. These simulations are reported in Table II . We can see that our approach provides an interesting result.
In Fig. 11 , we report the results of all these approaches for different flows capacities and we can see that for all the considered cases our heuristic provides the best results (Sim 4).
V. CONCLUSION AND FUTURE WORK
This paper has presented a new hybrid model of signalized intersection. This model based on HPNs describes the behavior of the traffic with reference to a four phase signalized intersections. We partionned intersection streams into several Compatibles Streams Group (CSG) with a simultaneous movement through the intersection. Some experimental results about a considered case study were discussed in order to describe the dynamics of the model and the efficiency of the proposed heuristic. The researches continue by a development of an algorithm to decide the optimal traffic signal plan by the minimization of the overall evacuation time. Our future work will focus also on how several neighbor intersections will be modeled and controlled together. 
